Based upon the calculation of the exact interliquid hopping rate and an approximate single particle Green's function, we present new evidence for the existence of a phase of relevant but incoherent inter-Luttinger liquid transport. The incoherent phase occurs when the Luttinger liquid exponent α satisfies α c < α < 1/2. We argue that α c < 1/4, and may be substantially smaller, especially in spin-charge separated Luttinger liquids. We also discuss connections with the work of others.
The physics of a strongly correlated, highly anisotropic electron system represents a subtle problem in many-body physics. In previous work [1, 2] we have considered the problem of one-dimensional (1D) electron liquids coupled by weak interliquid hopping. Implicit in our approach is the recognition that if one begins with a collection of truly 1D metals and then turns on weak interliquid hopping, it is not a priori appropriate to consider the electron-electron interaction as a perturbation on an anisotropic (2D) free Fermi gas. Rather, one should consider the interliquid hopping as a perturbation on the (otherwise decoupled) 1D liquids. The problem is nontrivial but tractable to some degree because the low energy physics of a 1D metal is described by Luttinger liquid theory. Unlike in a Fermi liquid, where the electron spectral function, ρ(k, ω) is dominated by a quasiparticle part, which sharpens up to a δ-function as k → k F , in a Luttinger liquid there are no Landau quasiparticles, rather, ρ(k, ω) exhibits only power law singularities. For this reason, and others we have previously discussed [1, 2] , the problem of weakly coupled Luttinger liquids is closely analogous to that of weak tunneling in a two level system (TLS) coupled to an ohmic dissipative bath [3] .
Exploiting this analogy led us to propose [1, 2] that interliquid hopping between non-Fermi liquids may have three qualitatively distinct regimes: it may be irrelevant, relevant and coherent, or relevant but entirely incoherent. The incoherent interliquid hopping phase would represent a new state of matter with intrinsically incoherent transport in at least one direction. There is substantial experimental support for this proposal based on its ability to explain certain anomalous properties of the low dimensional organic conductor (TMTSF) 2 PF 6 , as has been discussed elsewhere [4] [5] [6] . In this Letter we present new results which address this question based upon the use of exact Luttinger liquid spectral functions, careful consideration of the analytic properties of Luttinger liquid Green's functions, and a reinterpretation of a calculation made by others [7] .
We are interested in the problem of N coupled Luttinger liquids, N → ∞. At O(t 2 ⊥ ), however, our results are equivalent to those for N = 2, and we therefore consider the problem of two Luttinger liquids coupled by a spatially uniform, single particle hopping (as in [1] ).
Our calculation is dynamical and involves taking a t = 0 state with ∆N more (right moving) 2 particles in liquid 2 than liquid 1 and no Tomonaga bosons excited in either, then turning on t ⊥ and examining the time dependence of ∆N (for motivation see [1] and [3] ). The particle number difference ∆N entails a Fermi momentum difference ∆k and a chemical potential difference ∆µ ≡ v∆k. Unlike our earlier work [1] based upon space-time Green's functions, we use spectral function methods here, which is both physically more illuminating and permits the calculation of key correlation functions exactly.
At O(t 2 ⊥ ) the interliquid hopping rate Γ(t) can be written in a spectral function form as
where
and the spectral functions J 1,2 (k, ω) are the Fourier transforms of
and
. In this paper we consider only the zero temperature limit, in which case 
Z is the quasiparticle renormalization factor, and γ is a (positive) parameter characterizing the strength of the electron-electron interactions. The spectral function is then given by ρ(k, ω) = −2 ImG R (k, ω) from which we obtain
We find that Γ 12 (t) is a sum of a term ∝ Z 2 ∆µt representing fundamentally coherent processes, and a term ∝ γZ 3 t −1 which is marginal. By choosing a sufficiently small t ⊥ one can find a time t such that, while remaining in the perturbative regime, N Luttinger Liquids: We now turn to the problem of coupled Luttinger liquids, considering the case of spin-independent electronic interactions, characterized by the anomalous exponent, 2α, of the single particle Green's function, and charge-and spin-velocities v c and v s .
The calculation of A 12 (ω) and A 21 (ω) is lengthy, and we present only the final results here.
Complete details are given in [6] . The exact result is
The typical morphology of A 12 (ω) is shown in Fig. 1 . We observe that A 12 (ω)
is both nonsingular and of wide support, having non-zero weight from just below ω = 0 all the way up to the ultraviolet cutoff.
For simplicity, we shall restrict our discussion from here on to the spinless case, which can be obtained by formally taking ∆v → 0. The general case shall be discussed elsewhere [6] .
In calculating Γ 12 (t) it is simplest to consider its time derivative. We find
where 1 F 1 is the confluent hypergeometric function and, for convenience, we have introduced the variable x = 2v c ∆kt.
Equation (5) is an exact result for the (time derivative of the) interliquid hopping rate, to lowest order in t ⊥ . We use the expansion 1 F 1 (a, b; z) = 1 + ab This gives
The latter two terms continuously develop into the correct, coherent result for free fermions as α → 0 and their modification from the Fermi liquid result is closely analogous to the behavior of the appropriate terms in the derivative of the TLS transition rate upon turning on coupling to an ohmic bath. In the other well understood limit, α > 1/2, the entire expression leads to a finite integrated transition probability,
with the known irrelevance of t ⊥ in that limit. In between, the ∆k-independent term gives will force Γ 12 (t) to be essentially time-independent for times t
analogous to that of non-degeneracy in the TLS [3] where it has been argued to dramatically decrease coherence. In order for lowest order hopping to be coherent, one must remain at times short enough to avoid the cutoff effect of this prefactor and the maximum possible ∆k for a given time t is ∆k
4α which has the same form as the term linear in ∆k and we therefore consider only the latter term.
If the term linear in ∆k decays slower than t −1 it should be interpreted as a potentially coherent term. For α > 1/4 it falls off faster than t −1 and at O(t 2 ⊥ ) the interliquid single particle hopping is completely incoherent, signalled by the convergence of Γ(t → ∞). This is despite the relevance of t ⊥ in the RG sense for α < 1/2. We therefore expect an incoherent interliquid hopping phase for 1/4 < α < 1/2. There are, however, additional factors enhancing incoherence over and above the time exponent of the O(∆k) term.
First, there is the "dephasing" prefactor cos[(v c − v)∆kt], analogous to a bias term in a TLS. Based on the results from that problem [3] , this should enhance incoherence. Further, there are the incoherent processes contributing to the ∆k-independent term. For 0 < α < 1/4 the interliquid hopping rate and the integrated transition probability, P , are essentially sums of incoherent and coherent parts, defined by their respective time behaviors. Due to the presence of the dephasing term, the coherent term remains so only for times t
As such, P coh 12 (t) and is bounded above in magnitude by ∼ t
This is independent of t ⊥ and the purely incoherent channel cannot be eliminated in the t ⊥ → 0 limit, as it can in a Fermi liquid. As a result, we are forced to consider the influence of interliquid hops upon one another via correlations not automatically included in our
To begin with, interliquid hops through the coherent channel will be 6 interrupted by the finite probability of a hop through the incoherent channel. Secondly, intraliquid interactions will lead to scattering of coherent hops by incoherent hops. In the limit t ⊥ → 0, the incoherent hops have an arbitrarily long time to scatter the coherent hops (although their density also vanishes in this limit) and we find that the effect of a given incoherent hop on the coherent hops grows at least linearly in time. If it grows faster than linearly, the scattering will be divergent and hopping should be incoherent as t ⊥ → 0 for any α.
Combining all of these effects, we expect that as we decrease α from 1/4, incoherence will be stabilized down to some critical value α c < 1/4 by a combination of the purely incoherent term, the dephasing prefactor which kills coherence if ∆kt is too large, and, in the case of fermions with spin, spin-charge separation, which further suppresses coherence for finite ∆kt [6] .
We now consider how these same effects might appear in the more conventional calculation of the Green's function for N → ∞ coupled Luttinger liquids of spinless fermions. We will neglect vertex corrections associated with t ⊥ and incorporate t ⊥ (k ⊥ ) as an energy independent self-energy. We are motivated by similar calculations by others [9] , however we focus on analytic properties of the Green's function not previously treated. Using
where we have set the dimensionful high energy cut-off to 1 and k is momentum along the chains measured from the Fermi surface. Eq. 7 must be supplemented by a discussion of the analytic properties of G and G 0 , for whose discussion we consider only positive k since negative k is essentially identical for
First, recall that the Green's function is only allowed singularities in the second and fourth quadrants of the complex ω plane. For k = 0, G 0 has two branch cut singularities, one for each sign of ω, which must lie in the second and fourth quadrants. Also, G 0 must be real for −vk < ω < vk since in that region no on-shell decay of an injected fermion is possible. This implies that the phase of G 0 for ω > vk should be given by −απ, and by −π − απ for ω < −vk. Now consider the pole equation, G 
For α > 1/4, Θ > π/2, i.e. the pole pinches the fourth quadrant branch cut, and the solution becomes unphysical. The last physical solution, which occurred for α = 1/4, corresponds to a purely imaginary frequency, entirely in keeping with the idea that t ⊥ is acting incoherently at this value of α. For a negative t ⊥ , an exactly parallel scenario involving the second, instead of the fourth quadrant, results. In both cases, for α > 1/4, there is no physically sensible incorporation of t ⊥ as a self-energy, and the results are extremely suggestive of incoherence.
The effect is very closely analogous to the behavior of the Laplace transform of P (t) found in [3] at the onset of incoherence. A similar analogy between the locations of the poles of the single particle Green's function approximated in this way and the Laplace transform of P (t) in the TLS problem was noted in [10] .
We now consider k = 0. Consider first the case t ⊥ > 0. As we move some distance away from the Fermi surface, the singularity at −vk becomes more distant and its effect on the phase less important. For k 1−2α ≫ t ⊥ , it becomes possible to circle the singularity at vk without moving appreciably with respect to the singularity at −vk, and the phase of Returning to the spinless case, let us follow the pole for t ⊥ < 0 as we increase k. In addition to this pole, a new pole appears, for negative t ⊥ (k ⊥ ) and k > 0, at ω ∈ (−vk, vk) given by the real solution of (vk − ω) quasiparticle. This is in contrast to what has been suggested elsewhere [9] .
Finally, we briefly discuss another diagrammatic calculation addressing coupled Luttinger liquids. For the case of infinitely many coupled chains the behavior of n(k x , k y ) has been studied in lowest order perturbation theory in t ⊥ by Castellani et al. [7] . They find a shift of n(k x , k y ) proportional to cos(k y )|k 
which is infrared convergent everywhere for α > 1/4.
We have previously argued [1] that the magnitude of the warping of the Fermi surface should be identified with the oscillation frequency of our dynamical calculation and provides the order parameter for the transition between the phase with "confined coherence" and the usual phase with coherent transport in all directions. When interpreted in this context, the finding of Castellani et al. [7] , that a perturbation theory for the shifts in the Fermi occupation function has a qualitative change to convergent behavior when the hopping is still relevant, supports the notion of incoherence directly.
In fact, all of the results presented here indicate that motion of fermions transverse to the chains can be very different for different α (while still in the region of relevant t ⊥ ) and support the idea that the nature of the renormalization group instability of the t ⊥ = 0 fixed point can also change. This gives further evidence for the existence of a fixed point in which transport in one or more directions is intrinsically (i.e., in a pure system at zero temperature) incoherent. 
